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1. Introduction. The Fibonacci and Lucas numbers F n , L n (see [2] ) are defined by
Since
(1)
it follows that gcd (F n , F n+1 , . . . , F n+m−1 ) = 1 for all m ≥ 2.
Consequently, integers x 1 , . . . , x m exist satisfying A recent paper by the author and collaborators [1] contains an algorithm for finding small multipliers based on the LLL lattice basis reduction algorithm. Starting with a short multiplier, we then use the Fincke-Pohst algorithm to determine the shortest multipliers. When applied to the Fibonacci sequence, this experimentally always locates a unique multiplier of least length if n > 1. For m = 2, it is well known that the extended Euclid's algorithm, applied to coprime positive integers a, b, where b does not divide a, produces a multiplier vector (x 1 , x 2 ) satisfying |x 1 | ≤ b/2, |x 2 | ≤ a/2, which is consequently the unique least multiplier. With a = F n+1 , b = F n , n ≥ 3, this gives the multiplier vector M n .
However, for m ≥ 3, the smallest multiplier problem for F n , . . . , F n+m−1 seems to have escaped attention. (Table 1 gives the least multipliers for m = 4 and 5, 2 ≤ n ≤ 20.)
In this paper, we prove that there is a unique multiplier vector of least length if n ≥ 2, namely W n,m , where
which is defined as follows, using the greatest integer function: Let
where the nonnegative integers G n,1,m , . . . , G n,m−2,m are defined as follows:
Then for m even,
The definition of G n,r,m extends naturally to r = −1, 0, m − 1, m:
Then equations (4)- (6) give
It was not difficult to identify these multipliers for 2 ≤ n ≤ 2m + 2 (see Table 2 ). It was also not difficult to identify them for m even, n arbitrary, though the initial form of the answer was not elegant. However, it did take some effort to identify the case of m odd, n arbitrary. This was done with the help of the GNUBC 1.03 programming language, which enables one to write simple exact arithmetic number theory programs quickly.
To prove minimality of length, we use the slightly modified lattice basis for Λ,
which is the one always produced by our LLL-based extended gcd algorithm.
We then have to prove that if n > 1, If x m−1 = 0, the argument is more delicate and divides into several subcases, again using Lemma 5. The other lemmas play a supporting role for the derivation of Lemmas 5 and 11. In particular, Lemma 2 is important, as congruence properties in Lemma 4 reduce the calculation of the discrepancies for general n to the case n ≤ 2m + 2, where everything is quite explicit.
follows from the well known identity
and similarly if m is odd.
The W n,r,m with m even and 3 ≤ n ≤ 2m + 2 have an especially simple description in terms of Lucas numbers and play a central role in the proof of Lemma 5: Table 2 , which summarizes (a) and (c).)
These formulae follow from explicit expressions below for G n,r,m in terms of the Fibonacci numbers, when m is even: 
If r is odd ,
P r o o f. We assume r and m are even, as the case of odd r depends trivially on this case. We start from the following identity, valid for a even: 
and equation (13) gives G n,r,m = F n−r−2 .
Next suppose r ≥ n − 1. Then
where we have used the inequality
and as seen before, the second integer part is zero in formula (12) and G n,r,m = F n−r−2 .
Next assume r ≥ 2m−n+3. Again we use a special case of equation (10):
This, together with equation (12), gives
But r ≥ 2m − n + 3 implies F r ≥ F 2m−n+2 ≥ 0 and as before, the integer part vanishes and we have G n,r,m = F n−r−2 − F n−2m+r−2 .
The discrepancies D n,r,m and E n,r,m
as N m is even. Noting that F N m ≡ 0 (mod F m ), we have from equation (7) and the definition of H n,r,m :
Hence, noting that Z = (F N m L N m+t )/F m is an integer, we verify that with r even, equations (7) We will need an alternative Z-basis for the lattice Λ.
P r o o f. This is a consequence of the identity
which follows from equations (4)-(6). (14), while (b) follows from the explicit form of G n,r,m given in Lemma 3.
P r o o f. By equations (4)-(6),
If m is even, Lemma 8 gives the result directly, while if m is odd, we see from equation (8) that 
A size estimate for
Hence the desired inequality will follow if we can prove
But W n+1,r,m ≥ W n,r,m ≥ 0 and from Lemma 1, it is easy to prove that
Cases n = 5 and 6 of inequality (16) 
The proof of minimality
Theorem. For all integers
with equality only if
The left hand side of this inequality expands to Also
if j ≥ i + 3. Substituting all this in the expanded form of inequality (19) gives the equivalent inequality
Now let x 1 , . . . , x m−2 be integers, not all zero. We prove Q > 0. 
where Q 2 ≥ 0. Here
Hence inequality (21) In what follows, we make use of the inequalities
Clearly we need only consider T ≤ 3. Finally, there remain the cases m = 3, 4, 5.
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